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THE TECHNOLOGY OF THE STABLE SOLUTION FOR DISCRETE 
ILL-POSED PROBLEMS BY MODIFIED RANDOM PROJECTION METHOD  
  

  

Introduction. Ill-posed problems solution is actual for many areas of science and technology. For 
example, discrete ill-posed problems (DIP) appears after discretization of the integral equations in 
the spectrometry, gravimetry, magnitometry, electrical prospecting and others. 

In the case of linear DIP the matrix, which model some measuring system, makes a linear 
transformation of input vector to the output vector. Usually DIP output vector contains noise and 
singular values series of the matrix smoothly decrease to zero. In this case, the solution (input vector 
estimation) using the inversion of the transformation matrix is unstable and inaccurate. To overcome 
instability and increase accuracy we use regularization methods. 

We develop an approach which uses regularizing properties of random projection to 
obtain a stable solution of DIP. However, the development of effective sustainable methods 
for solving DIP continues to be a problem of current interest.  

The purpose of the paper is to increase the accuracy of DIP solution by the random 
projection method. 

Results. In this paper we developed the method of stable solution of DIP by the modified 
method of random projection. For this modification the regularization by random projection 
is complemented by the regularization in the ridge regression style. 

For the our method we obtained expressions which connect in the direct way the solution error 
components with the matrix specter and the regularization parameter. For the developed method the 
experimental research of the accuracy is conducted on the test problems.  
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Conclusions. The modified method of random projecting is characterized by stability 
and increased accuracy of the solution. This achieved by simultaneous ridge regression style 
regularization and random projecting. The representation of the solution error in the form 
where error components are related to the matrix specter and regularization parameter is 
important for further study of the error.  
Keywords: discrete ill-posed problem, random projection.  

INTRODUCTION 

The need to solve inverse problems arises in many areas of science and technology 
in connection with the recovery of the object signal based on the results of indirect 
remote measurements. The transformation of the object signal when interacting with 
the environment and the measuring system is modeled by a linear input-output 
transformation matrix. The transformation matrix and the vector of the results of 
indirect measurements (the output vector) are known, it is required to determine the 
vector of the input signal (the input vector, i.e., the solution vector).  

Usually DIP output vector contains noise and singular values series of the ma-
trix smoothly decrease to zero. In this case, the solution (input vector estimation) 
using the inversion of the transformation matrix is unstable and inaccurate. To over-
come instability and increase accuracy we use regularization methods. 

Furthermore, in problems of statistics and machine learning, a situation often 
arises when the solution by existing methods is unstable, i.e. small changes in the 
input data (conditions of the problem) lead to a large change in the solution. Such 
unstable solutions are inaccurate and cannot be used in practice. To remove the in-
stability of the solution, the regularization approach is use. 

Regularization imposes stability constraints on the sought solution. For exam-
ple, a compromise of accuracy and stability is provided by choosing a regularization 
parameter that weights the ratio of the magnitude of the norm of the difference be-
tween the vectors of the reconstructed and the observed output, as well as the magni-
tudes of the norm of the solution vector (that is, the reconstructed input).  

Our studies of the regularizing properties of random projection began in 2009 [1]. 
Later other researchers began to explore the regularizing properties of random projec-
tion, for example, for classification problems [2] and machine learning [3], and, more 
recently, for solving inverse problems [4, 5, 6]. Since the approach of random projec-
tion, along with improving the accuracy of the solution by regularization, reduces the 
computational complexity of the solution, we have managed to develop algorithms 
that provide an accurate and fast solution for discrete inverse problems [7, 8, 9]. 

METHOD OF THE STABLE SOLUTION FOR DISCRETE ILL-POSED PROBLEMS 
BY MODIFIED RANDOM PROJECTION APPROACH  

We study the recovery problem of an input vector Nℜ∈x  for a model 
еAxb += . We consider the case when the matrix NN×ℜ∈A  and the output 

vector Nℜ∈b  are known. In particular еbb += 0  where Axb =0  and series of 
singular values of the matrix А smoothly descend to the zero (but do not reach it). 
The input vector recovery problem with considered properties belongs to the class of 
ill-posed problems. In this case the matrix А is a full rank matrix. To solve this prob-
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lem by random projection approach [10–15] each sides of the basic equation 
еAxb +=  we multiply by the matrix Nk

k
×ℜ∈R . Elements of the matrix kR  

are realizations of random variable with normal distribution, zero mean and unit 
variance. After the randomization we obtain the next equation: bRAxR kk = . The 
problem of input vector estimation (recovery) is written in the next form: 

2||||minarg bRAxRx kk
x

R −= . The input vector estimation 

bRARx kkR
+= )(* , where +)( AR k  is a pseudoinverse matrix. To the statement 

of random projection problem we introduce additional regularization: 
22 ||||||||minarg xbRAxRx λ+−= kk

x
.  (1) 

This problem formulation we call the modified method of random projec-
tion. This modification means that additional increase of stability is reached by 
determining of the regularization parameter which gives a balance between the 
Euclidean norm of solution vector discrepancy and the solution vector norm. 

The input vector estimation for modified method of random projection we 
obtain as  

bRARIARARx kkkkMR
Τ−Τ += )())(( 1* λ . 

The corresponding output vector estimation is the next 

bRARIARARAAxb kkkkMRMR
Τ−Τ +== )())(( 1** λ . 

The problem formulation (1) is similar to the problem formulations for 
ridge regression and Tikhonov regularization. 

The difference of the formulation (1) is the fact that it includes two regu-
larization parameters. First parameter λ is balancing the Euclidean norm of dis-
crepancy vector and the norm of the solution vector. Second parameter k is a 
number of rows in the random matrix. 

To compare methods we consider a dependency of input and output recov-
ery error components from the parameter of the Tikhonov regularization. 

REGULARIZATION IN THE RIDGE REGRESSION STYLE AND BY RANDOM PROJECTION  

The classical method which used to solve ill-posed problems is the Tikhonov regu-
larization. The standard Tikhonov regularization problem has the next form 

( )22minarg xbAxx
x

λ+−=reg  where λ is a regularization parameter.  

For the error of the recovery of the true signal (input) by the Tikhonov regulari-

zation method 
21)( xbAIAA −+= Τ−Τ λtikh

xe  we can obtain deterministic ed
tikh 

and stochastic es
tikh components. Such that tikh

s
tikh
d

tikh
x eee +=  and analytical formu-

las for these components are obtained  
212

0
1 ))(()( xIAAIAAxbAIAA −+=−+= Τ−ΤΤ−Τ λλtikh

de , 
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21)( еAIAA Τ−Τ += λtikh
se . 

Consider a behavior of the deterministic component depend on regularization 
parameter.  

Since ΤΤ−Τ

+
=+ UVAIAA )1()( 22

2
1

ii

i

ss
sdiag
λ

λ  for the deterministic error 

component ed
tikh we get  

.
)1/(

1
)1/(

1)( 222
1

222 xvvxxVVx Τ

=

ΤΤΤ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

= ∑ i
i

N

i
i

i

tikx
d ss

diage
λλ

λ  

Since 222222 )1)/((
1

)1/(
1

++
<

+ δλλ ii ss
 where 0<λ<1 and 0<(λ+δ)<1 the 

deterministic error component increases with the increase of λ: 

xVVxxVVx ΤΤΤΤ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ 222222 )1)/((

1
)1/(

1
δλλ ii s

diag
s

diag .  

Further we consider a behavior of the stochastic component dependence on 
regularization parameter. Thus we note that  

еUUееAIAA ΤΤΤ−Τ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=+=
2

22

221 1)(
ii

itikh
s ss

sdiage
λ

λ  

and average over the noise realizations  

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
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⎞
⎜⎜
⎝
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=Ε ΤUU
2

22

2
2 1}{
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itikh
s ss

s
diagtracee

λ
σ . 

Since 
2

22

2

22 )( ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

>⎟⎟
⎠
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+ δλλ i
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s

 where 0<λ<1 and 0<(λ+δ)<1, then 

averaged by noise realizations stochastic error component decreases by increase of λ:  

⎟
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diagtrace .  

The stochastic error component without the averaging over the noise also de-
crease with increase of λ: 

еUUееUUе ΤΤΤΤ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

>⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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2

22

2

22 )( δλλ i
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s
sdiag

s
sdiag . 

For the error of the output recovery by the Tikhonov regularization method 
2

0
1)( bbAIAAA −+= Τ−Τ λtikh

ye  we obtain deterministic eyd
tikh and stochastic 

eys
tikh components. Such that tikh

ys
tikh
yd

tikh
y eee += , 

2

0
1 ))(( bIAIAAA −+= Τ−Τ λtikh

yde , 
21)( еAIAAA Τ−Τ += λtikh

yse .  
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We consider the behavior of deterministic component dependence on the regu-
larization parameter. 

Since ΤΤ−Τ

+
=+ UUAIAAA )()( 22

2
1

λ
λ

i

i

s
sdiag  and after rewriting  

ΤΤ−Τ −
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, where 0<λ<1 and 0<(λ+δ)<1 the 

deterministic error component increases with the increase of λ: 

0222002220 )1)/((
1

)1/(
1 bUUbbUUb ΤΤΤΤ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ δλλ ii s

diag
s

diag . 

Further we consider the behavior of stochastic component dependence on regu-
larization parameter.  

Thus, we note that еUUееAIAAA ΤΤΤ−Τ
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The error stochastic component with no averaging by noise realizations de-
creases with increase of λ:  

еUUееUUе ΤΤΤΤ
⎟⎟
⎠
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⎝
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>⎟⎟
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An example of increase of deterministic and decrease of stochastic component 
of the error by the increase of the regularization parameter is presented in the Fig. 1. 
Since the increasing (stochastic) error component is scaling by the noise level σ2, 
then the position of error minimum with the increase of the noise level shifts to the 
area of greater values of regularization parameter (Fig. 2).  
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Fig. 1. An example of the dependency of 
deterministic and stochastic components of 
the error ex by λ. 

Fig. 2. Dependency ex(λ) for different noise 
levels. 
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Fig. 3. Dependency of the true signal reco-
very error and output recovery error by λ. 

Fig. 4. The vector of weights for the Tikhonov 
regularization, DRP and TSVD methods. 

 
We considered the dependence of the true signal recovery error and the output re-

covery error by the regularization parameter for the Phillips problem. There exists the 
optimal regularization parameter value for which true signal recovery error is minimal. 
Similar behavior is observed for output vector recovery error. True signal recovery 
error by Tikhonov regularization (as a truncated singular decomposition error) has two 
components. One of components decreases with increase of regularization parameter 
and another component increases.Solve DIP mean as accurate as possible recover the 
true signal. Thus, find regularization parameter value such as true signal recovery error 
is close to minimal. The choice of regularization parameter is based on output data 
which are corrupted by noise. There exists another class of problems with transforma-
tion input-output matrix has a DIP properties. These are true output signal recovery 
problems by noise corrupted data (measurements), for example, for the forecast of 
next output values. In problems from this class the value of regularization parameter is 
chosen such as the output vector recovery error is close to the minimal. 

The value of regularization parameter for which true signal recovery error λx
opt 

is minimal and the value of regularization parameter with the minimal output vector 



Revunova E.G., Tyshchuk O.V., Desiateryk O.O. 
 
 

ISSN 2663-2586 (Online), ISSN 2663-2578 (Print).  Cyb. and Comp. Eng. 2022.  № 4 (210) 32

recovery error λy
opt are different. The functional of Tikhonov method is build such 

that by «regulation» of parameter λ it is possible to reach both the minimization of 
true signal recovery error and the minimization of output vector recovery error. 

When compare the Tikhonov regularization method and the truncated singular 
value decomposition method [9] by the approach to the solution of DIP based on 
choice of optimal number of components of linear model it appears that TSVD 
chooses the optimal number kopt of the linear model components to minimize true 
signal recovery error. The rest of the (N − kopt) components of singular value de-
composition is not included to the model. The weight factor takes values 1 or 0. 

The Tikhonov regularization method includes to the model all components of 
singular value decomposition and weighted each component (weights are real num-
bers). When compare experimentally obtained weights for TSVD and for Tikhonov 
regularization (Fig. 4), we see that weights of Tikhonov method form so called «soft 
threshold». Strongly sign-changing components (with big sequence number) have 
very small weights this prevents from approximation of noise by model. However, 
since these components are not excluded from the model they can work for ap-
proximation of signal of the complex form and thus provide greater (then TSVD) 
accuracy of Tikhonov regularization method. 

We improved the accuracy of the basic random projection method using analyti-
cal averaging by random matrices [16]. Averaging over the realizations of matrices (in 
the experimental investigation) leads to a smoothing of the dependence of the error on 
k and a decrease in the number of local minima. This makes it easier to find the opti-
mal value of k and increases the accuracy of the solution. Therefore, we did an ana-
lytical averaging over random matrices. The following expression was averaged  

+Ε−=ΕΕ − AxRRAARRAxxx })({}}{{ 1TTTTTT
kkkkRR eε  

})({ 1TTT2
kkkkRtrace RRAARR −Ε+σ . 

The expressions for the error after averaging over random matrices are the next 
)(}}{{ T2TTTT UUDAxUUDAxxx kkR tracee σε +−=ΕΕ . 

),,...,(})({ 1
1T2T

mnmkkkkRk diag −
− =Ε≡ IRRSRRD μλλ . 

Averaging over random matrices leads to the diagonalization of the matrix included 
in both error components (deterministic and stochastic). An experimental study of 
Dk showed that the sequence λ1,…,λm is bounded by the sequence s1

−2,…,sm
−2 from 

above and that several initial values of the diagonal of the matrix Dk approach si
−2 

with great accuracy. The values of the diagonal elements vary monotonically with k. 
This leads to a smoothing of the ex(k) and ey(k) dependences and to a decrease in the 
number of local minima [17−20].  

Solution methods of DIP such as Tikhonov regularization, truncated singular 
value decomposition, "deterministic" random projection DRP to obtain the solution 
vector in one or another way weight singular values. The expression for input vector 
estimation in general case has a form: bUVx Τ−= )(* 1

ii wsdiag . As known for the 
Tikhonov regularization weights are smoothly decrease (with the increase of indices 
of singular values): 

,1
)(

)( 2

2
1 bUVbAIAAx ΤΤ−Τ

⎟⎟
⎠

⎞
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⎝

⎛
+

=+=
ii

i
tikh ss
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λ

λ  .
)( 2

2

λ+
=

i

i
tikh s

sw  
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For the truncated singular value decomposition weights for s1… sk  are equal 1, and 
for sk+1…sn weights are equal 0. For the "deterministic" random projection DRP: 

,12 bUVbUVSDbUUDAx ΤΤΤΤ
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
===

i
kiikkDR s

dsdiag kiiDR dsw 2= , 

values of weights smoothly decrease with the increase of the number of singular val-
ue. This is similar to the behavior of weights for the Tikhonov regularization method.  

THE ERROR ANALISIS FOR MODIFIED RANDOM PROJECTION METHOD 

To estimate the output vector of modified random projection method *
MRx  we study 

the input vector recovery error 
2*

MRMRe xx −= . Taking into the account that 

output vector b  can be represented as еAx +  we obtain an expression for the input 
vector recovery error  

211 )())(()())(( еRARIARARxAxRARIARAR kkkkkkkkMRe Τ−ΤΤ−Τ ++−+= λλ
. 

Average MRe  by noise realizations in output vector  

+−+=Ε= Τ−Τ 21 )())((}{' xAxRARIARAR kkkkMRee λε  

21

21 ''})())(({ eekkkk +=+Ε+ Τ−Τ еRARIARAR λε . 

Here 1'e  is deterministic and 2'e  is stochastic component of the error. Consider 
dependence of error components by the number of rows of random matrix and by the 
parameter λ. We represent error components with the use of singular value decompo-
sition Τ= rrrksvd VSUAR )( . We transform ARARIARAR kkkk

Τ−Τ + )())(( 1λ  

by presenting ARAR kk
Τ)(  as a singular value decomposition taking into the ac-

count that krr IUU =Τ , nrr IVV =Τ . Then we obtain  
ΤΤ−ΤΤ−Τ +=+ rrrrrkkkk SVSISSVARARIARAR 11 )()())(( λλ . (2) 

For the deterministic component of the error by (2) we obtain:  
xIVSSISSSSISSSSISSVx )))(2)()(((' 111
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rrrrrrrrrrrre λλλ , 
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The stochastic error component:  
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)))(())((( 112
kkkkkkkktrace RRAIARARIARARARR ΤΤ−ΤΤ−ΤΤ ++= λλσ . 

To the ortonormal matrix kR , IRR =Τ
kk , which is obtained in singular value 
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decomposition of the matrix G  with elements )у,0(~ 2NijG , the expression for 
e′2 got a form  
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Using the singular value decomposition we obtain and since krr IUU =Τ  and 
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))()((' TT1TT1TT2

2 rrrrrrrrrrrrtracee SVVISSVVISSVVS −− ++= λλσ . 
Since nrr IVV =Τ ,  
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Expressions (3), (4) allows to study components of error for the modified meth-
od of random projection depending on regularization parameter. 
 
Table 1. The mean value of the solution error and its standard deviation, mean value of k and 
its standard deviation for problems of Phillips (N1), Carasso (N2), Delves (N3) [22]. 

N σ2  e CRQ Cp AIC MDL 
E(e) 6.44E-3 8.15E-3 7.60E-3 8.15E-3 7.30E-3 
std 1.56E-3 5.85E-3 2.48E-3 5.85E-3 2.17E-3 

E(k) 7.70 7.60 7.20 7.60 7.26 10–2 

std 0.68 0.57 0.64 0.57 0.63 
E(e) 3.05E-4 3.37E-4 5.46E-4 3.38E-4 6.28E-4 
std 3.84E-5 6.02E-5 1.65E-4 5.02E-5 2.20E-4 

E(k) 16.76 15.48 12.34 15.06 11.92 

1 

10–4 

std 1.64 1.43 1.19 1.25 1.05 
E(e) 7.69E-1 1.04 1.06 1.07 1.00 
std 1.81E-1 3.80E-1 1.41E-1 3.21E-1 1.34E-1 

E(k) 6.86 7.16 3.12 5.98 4.04 10–2 

std 2.00 2.32 0.94 2.15 1.23 
E(e) 1.50E-2 2.79E-2 3.35E-2 1.99E-2 5.09E-2 
std 4.91E-3 2.05E-2 1.86E-2 5.89E-3 3.68E-2 

E(k) 21.7 23.34 16.82 19.34 15.46 

2 

10–4 

std 1.93 3.15 1.99 1.92 2.58 
E(e) 6.95E-2 1.91E-1 9.21E-2 1.91E-1 8.05E-2 
std 1.36E-2 8.02E-1 2.50E-2 8.02E-1 1.86E-2 

E(k) 3.30 2.48 1.64 2.48 2.14 10–3 

std 0.953 0.91 0.49 0.91 0.45 
E(e) 1.24E-2 1.67E-2 2.02E-2 1.46E-2 2.09E-2 
std 1.84E-3 1.21E-2 3.89E-3 1.76E-3 4.39E-3 

E(k) 16.14 15.34 8.76 12.72 8.4 

3 

10–5 

std 2.14 2.58 1.72 2.03 1.84 

 



The technology of the stable solution for discrete ill-posed problems by modified random  
 

 

ISSN 2663-2586 (Online), ISSN 2663-2578 (Print).  Cyb. and Comp. Eng. 2022.  № 4 (210) 35

In the Table 1 we presented results of the solution of ill-posed problems by 
modified random projection method, the matrix А is 40×40. Optimal value of k was 
defined by model selection criteria: Cp Mallows, AIC Akaike, MDL minimal 
description length and CRQ [23, 15]. Results analysis showed that usage of the 
modified random projection method with criteria CRQ and AIC Akaike assures the 
error value close to the optimal.  

CONCLUSIONS 

Modified random projection method (MRP) is marked with solution stability and 
increased accuracy. It is achieved by simultaneous regularization by ridge regression 
and random projection. Previously we proved that random projection has a regular-
izing properties and increases solution stability. The modification is represented by 
that the additional increase of stability is reached by choosing the regularization 
parameter. This parameter assures the balance between the Euclidean norm of the 
solution vector discrepancy and the norm of the vector itself. Thus for MRP we 
obtained expressions for deterministic and stochastic components of the solution 
error. Dependencies of error components on regularization parameters (as on the 
regularization parameter of ridge regression and on the number of rows of random 
projector) were also obtained. These results are approved by experimental study. For 
solving the discrete ill-posed problems by MRP the optimal size of random projec-
tion matrix is defined by the developed by us special criteria and the regularization 
parameter for ridge regression is defined by the generalized discrepancy criteria.   

Hence the modified method of random projecting is characterized by stability 
and increased accuracy of the solution. This achieved by simultaneous ridge regres-
sion style regularization and random projecting. The representation of the solution 
error in the form where error components are related to the matrix specter and regu-
larization parameter is important for further study of the error.  
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ТЕХНОЛОГІЯ ДЛЯ СТІЙКОГО РОЗВ’ЯЗАННЯ ДИСКРЕТНИХ НЕКОРЕКТНИХ 
ЗАВДАНЬ МОДИФІКОВАНИМ МЕТОДОМ ВИПАДКОВОГО ПРОЕКТУВАННЯ  

Вступ. Розв’язання некоректних завдань є актуальним для багатьох галузей науки та 
техніки. Дискретні некоректні завдання (ДНЗ) виникають, наприклад, у разі дискре-
тизації інтегральних рівнянь у таких галузях як спектрометрія, гравіметрія, магні-
тометрія, електророзвідка тощо. 

У разі лінійної ДНЗ матриця, яка моделює деяку вимірювальну систему, виконує 
лінійне перетворення вхідного вектора у вектор виходу. Для ДНЗ характерно, що век-
тор виходу містить шум і ряд сингулярних чисел матриці спадає до нуля плавно. Вод-
ночас розв’язок (оцінка вхідного вектора) з використанням обернення матриці перет-
ворення є нестійким та неточним. Для подолання нестійкості та підвищення точно-
сті розв’язку використовують методи регуляризації. 

Нами розробляється підхід, в якому для отримання стійкого розв’язку ДНЗ використо-
вуються регуляризувальні властивості випадкового проектування. Розроблення ефективних 
стійких методів розв’язання ДНЗ продовжує залишатися актуальною проблемою. 

Мета. Підвищення точності методу розв'язання ДНЗ на основі випадкової проекції. 
Результати. Розроблено метод стійкого розв'язання ДНЗ на основі модифікованого 

методу випадкової проекції. Модифікація полягає в тому, що регуляризація на основі випад-
кової проекції доповнюється регуляризацією у стилі гребеневої регресії. 

Для розробленого методу отримано вирази, що пов’язують у явному вигляді складові 
помилки розв’язку зі спектром матриці та параметром регуляризації. Також проведено 
експериментальне дослідження точності розробленого метода на тестових задачах. 

Висновки. Модифікований метод випадкового проектування відрізняється стій-
кістю та підвищеною точністю розв’язку, які досягаються за рахунок одночасної 
регуляризації у стилі гребеневої регресії та випадковим проектуванням. Подання по-
милки розв’язку, де складові помилки розв’язку пов’язані зі спектром матриці та па-
раметром регуляризації, є важливим для подальшого вивчення меж зміни помилки. 

Ключові слова: дискретна некоректна задача, випадкова проекція.  
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