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CONTROL OF A NONSQUARE MULTIVARIABLE SYSTEM USING 
PSEUDOINVERSE MODEL-BASED STATIC OUTPUT FEEDBACK 
  

Introduction. The paper deals with nonzero set-point regulating the first-order linear dis-
crete-time multivariable system. The case where the number of outputs exceeds the number of 
control inputs is considered. It is assumed that arbitrary but bounded unmeasurable distur-
bances are present. The assumption that the elements of the matricies arising in the system 
equation are unknown. However, their bounds are assumed to be known a priori. From prac-
tical point of view, it is important to design a simple controller similar to reduced-order or 
static output feedback (SOF) controllers. A difficulty associated with this problem is in estab-
lishing the existence of SOF control to be able to cope with a given system. The three differ-
ent problems concerning the optimality, ultimate boundedness and robustness features are 
stated and solved. 

The purpose of the paper is to answer the question: is there the SOF control based on 
the pseudoinverse concept to stabilize some first-order multivariable system with nonsquare 
gain matrix? 

33 

© ZHITECKII L.S., AZARSKOV V.N., SUSHCHENKO O.A., YANOVSKY F.J., SOLOVCHUK K.Yu.,  2020 



Zhiteckii L.S., Azarskov V.N., Sushchenko O.A., Yanovsky F.J., Solovchuk K.Yu. 
 
 

ISSN 2663-2586 (Online), ISSN 2663-2578 (Print).  Cyb. and comp. eng. 2020.  № 3(201) 34 

Methods. The methods based on the theory of matricies are utilized. 
Results. The pseudoinverse model-based control leading to static output feedback is 

proposed to reject unmeasured disturbances. The optimality and robustness properties of 
such controller are established. Numerical examples and simulation results are presented to 
support theoretical study. 

Conclusion. The paper shed some light on the existence of the pseudoinverse static out-
put feedback controllers which can either be optimal (in the absence of any uncertainty) or 
be robust stable against parameter uncertainties dealing with the linear multivariable first-
order discrete-time system in a hard case when its gain matrix is nonsquare (in contrast to 
the known results). 

Keywords: discrete time, feedback control methods, pseudoinversion, multivariable control 
systems, robustness. 

INTRODUCTION 

A problem of an efficient control of multivariable systems in the presence of 
unmeasurable disturbances stated three decades ago in [1] remains a topic of 
meticulous attention of many researches until recently. Their results have been 
reported in numerous papers and generalized in several books [2–5] et al. 

To reject arbitrary bounded disturbances, the so-called inverse model concept 
has been proposed by several authors. Since the beginning of the 21st century, a 
significant progress has been achieved utilizing this concept [6, 7] and other works. 
Most these works except [7] dealt with continuous-time multivariable systems. 
However, this approach is quite unacceptable if the systems to be controlled are 
either ill-conditioned or nonsquare. Some researches observed that the inverse-based 
controller may be also not feasible for designing some process control systems con-
taining ill-conditioned plants since they may become (almost) noninvertible in the 
presence of uncertainties [8]. Also, there exist certain difficulties in order to achieve 
a perfect control performance in the case where the number of the plant outputs 
exceeds the number of its control inputs. Similar problem falling into this category is 
the development of the automatic control system for an artificial heart having three 
outputs and two control inputs [9]. 

It turned out that the so-called Moore-Penrose inverse (pseudoinverse) model-
based approach can be exploited to cope with the noninvertibility of singular 
square and any nonsquare systems. This approach has theoretically been substan-
tiated in the papers [10–12] which dealt with problems of rejecting any bounded 
disturbances for a wide class of discrete-time multivariable noninvertible memory-
less systems.  

From practical point of view, it is important to design a simple controller 
similar to reduced-order or static output feedback (SOF) controllers. A difficulty 
associated with this problem is in establishing the existence of SOF control to be 
able to cope with a given plant [13–15]. Nevertheless, it turns out that in the case 
of the first-order multivariable system, the pseudoinverse model-based approach 
leads straight to SOF control. 

In last years, various constructive approaches applicable to linear continu-
ous-time and discrete-time systems with possible uncertainties have been ad-
vanced for establishing conditions under which SOF controllers can exist. Also, 
different numerical algorithms for designing these controllers have been pro-
posed in [16–22] et al. Among them, the authors of [16] have obtained some 
attractive SOF solvability conditions derived from structural properties of the 
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open-loop discrete-time systems. Within the framework of these conditions, they 
studied the case where there were more outputs than control inputs. Now, the 
question that we need to answer is as follows: is there the SOF control based on 
the pseudoinverse concept to stabilize some first-order multivariable system 
with nonsquare gain matrix? 

The paper extends the ideas of [10–12] to nonzero set-point regulating non-
square discrete-time first-order system in which the number of outputs exceeds 
the number of its control inputs. The main effort is focused on deriving condi-
tions under which the optimality, ultimate boundedness and also robustness 
properties of resulting closed-loop control system can be achieved. 

The purpose of the paper is to answer the question: is there the SOF con-
trol based on the pseudoinverse concept to stabilize some first-order multivari-
able system with nonsquare gain matrix? 

PROBLEM FORMULATION 

Consider a linear first-order multivariable discrete-time time-invariant system 
described by the autoregressive moving average exogenous (ARMAX) model of 
the simplest form 

,11 ++ ++= nnnn vBuAyy  (1) 

where r
n

m
n uy RR ∈∈ ,  and m

nv R∈  represent the measured output, control 
input and the unmeasurable disturbance vectors, respectively. mmA ×∈R  and 

rmB ×∈R  are the fixed square and nonsquare matrices, respectively, given as 
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 Let 

mr <  (3) 
mean that the number of control inputs is less than the number of system outputs. 

The following assumptions are made. 
A1. The elements )(ija  and )(ijb  of A  and B  having the form (2) may be 

unknown. However, the bounds 

),,,1,,,1(,)(
max

)()(
min mjmiaaa ijijij …… ==≤≤  (4) 

),,1,,,1(,)(
max

)()(
min rjmibbb ijijij …… ==≤≤  (5) 

on these elements are known a priori.  
A2. The each component of nv  is an arbitrary, but bounded in modulus va-

riable satisfying 

,,2,1|||||||| …=∀∞<≤ ∞ nvvn  (6) 
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where the well-known definition ||||sup:||||
0

n
n

zz
∞<≤

∞ =  of the so-called 1A -norm 

of any bounded sequence }{ nz  denoted as ∞|||| z  is used. 
A3. }{ 0

ny  is a bounded nonzero set-point vector sequence such that the desired 
0

1+ny  is always known at each nth time instant implying ),2,1(0|||| 0 …=≡/ nyn  
and .|||| 0 ∞<∞y  Without loss of generality, it is supposed that each component of 

0
ny  may remain constant over a time (finite or infinite).  

Defining the output error vector 

,0
nnn yye −=  (7) 

introduce the local control performance index 

,||||sup 2
||||: 2

n
vv

n eJ
nn ε≤

=  
(8) 

where 2|||| z denotes the Euclidean norm (2-norm) of a vector .z  This criterion 
evaluates the capability of a controller to rejecting the bounded disturbances at 
the nth time instant in the worst case. 

The following three problems are stated and solved.  
Problem 1. Suppose matrices А  and B  are known. Noting that nJ  of the 

form (8) depends only on one past 1−nu  (due to (7) together with (1)), devise the 
optimal control which minimizes 1+nJ  with respect to all possible bounded snu  
at the nth time instant producing 

.inf1 r
nu

nJ
R∈

+ →  
(9) 

Problem 2. Setting А  and B  be known, establish conditions guaranteeing 
the ultimate boundedness of outputs and control inputs in the form 

,||||suplim ∞<
∞→

n
n

y    .||||suplim ∞<
∞→

n
n

u  
(10 

Problem 3. Subject to Assumptions A1–A3, devise the control law under 
which the requirements (10) will be satisfied for any А  and B  with the  ele-
ments given by the interval constraints (4) and (5), respectively, i.e., the robust-
ness of controller will be achieved.  

A PRELIMINARY 

Consider the system (1) with no uncertainties with respect to the matrices А  and 
.B Moreover, let (for the time being) B be a nonsingular rr ×  matrix implying 

that mr =  (instead of (3)). Choose the control law 

nnn AyByBu 10
1

1 −
+

− −=  (11) 
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in which 1−B  denotes the inverse of B, to produce =+1ne 1+− nv  
).||||||||( 11 ++ = nn ve  This causes 

…,2,1,0,|||||||| 1 =≤ ∞+ nven  (12) 

It can simply be shown that the controller defined in (11), which may be 
called the inverse model-based controller, is optimal (in the sense of (9)). Actu-
ally, any other control law may give ∞+ > |||||||| 21 ven  (instead of (12)) if certain 

nv  satisfying (6) is present at th)1( +n  time instant.  
At first sight, it seems that if B is noninvertible then 1−B  might be replaced by 

the Moore-Penrose inverse matrix +B  defined by the formula in [23, Theorem 3.4]  
Τ−Τ

→δ

+ δ+= BIBBB r
12

0
)(lim  (13) 

to design the control law 

.0
1 nnn AyByBu +
+

+ −=  (14) 

Nevertheless, such a possibility remains without strict substantiations for 
the time being since both the optimality of (14) and the stability of the closed-
loop control system (1) exploiting (14) are not guaranteed as yet. Next section 
sheds some light on this possibility.  

OPTIMAL STABLE CONTROL DESIGN 

In this section, Problems 1 and 2 are solved. Namely, the optimality and the 
stability (the ultimate boundedness) of the closed-loop control system containing 
the plant (1) and the controller (14) are established in the following theorem. 

Theorem 1. Subject to (3), and Assumptions (A2) and (A3), if the control 
law (14) is applied to the system (1), then:  

a) the optimality properties of the closed-loop control system (1), (14) de-
fined in (9) is ensured with  

,||))((|| 2
0

11 ε+−−≤ +
+

+ nnmn AyyBBIJ  (15) 

where 

2||||sup: nv=ε  (16) 

and NI  denotes the NN ×  identity matrix; 
b) the ultimate boundedness of }|||{| ny  caused by (14) is guaranteed if  

1<q  (17) 
with 

,||)(|| ABBIq m
+−=  (18) 

where |||| P  denotes any norm of some matrix P; 
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c) under conditions (17) together with (18), the sequence }|||{| nu  remains 
bounded.  

Proof. a) Using (1) together with (7), one has 0
11 ++ = nn ye  1+−−− nnn vBuAy  

which causes  

.|||||||||||| 212
0

121 +++ +−−≤ nnnnn vBuAyye  (19) 

Since the sequence }{ nv  does not depend on },{ ny  due to (6), (8) and (16), 
the inequality (19) yields 

ε+−−≤ ++ 2
0

11 |||| nnnn BuAyyJ , 

giving  

.||][||infinf 2
0

11 ε+−−≤ +
∈

+
∈

nnn
u

n
u

BuAyyJ
r

n
r

n RR
 (20) 

Further, utilizing Theorem 3.4 of [23], it can be concluded that there exists a 
vector nu  satisfying 

2
00

1
:

2
0

1 ||),(][||inf||][|| nnnnnn yyBAyyBuAyy
rmm

χ−−=−− +
→×χ

+
RRR

 (21) 

with any vector-valued operator .χ  By virtue of (21), this vector is determined 
as ][ 0

1 nnn AyyBu −= +
+  leading directly to the pseudoinverse control of the 

form (14). Comparing (21) with (20), one can argue that such control is optimal 
since it minimizes the upper bound on 1+nJ  among all possible ),( ⋅⋅χ  mapping 
the pair ),( 0

nyy  onto .nu  Substituting (14) into the right-hand side of (20) 
gives this upper bound in the explicit form represented by (15). This establishes 
statement a). 

b) Substituting (14) into (1), one gets 

.)( 1
0

11 +
+

+
+

+ +−+= nnmnn vAyBBIyBBy  

By virtue of (6), this equation produces 

,||||||||||)(|||||||||||||| 0
1 ∞

+
∞

+
+ +−+≤ vyABBIyBBy nmn  (22) 

where the well-known properties |||||||||||| 2121 zPPzPP ≤  and 
+≤+ |||||||| 121 zzz  |||| 2z+ of the norm of any matrices 21 , PP  and of any vectors 

21 ,, zzz  have been utilized. 
Using (18), we may rewrite (22) as follows:  

.|||||||||||||||| 1
0

∞−
+ ++≤ vyqyBBy nn  (23) 

Iterating (23), we obtain 
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These inequalities give that if (17) is satisfied, then 
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This fact proves statement b). 
c) Since }|||{| ny  is shown to be bounded, from (14), the validity of this 

statement follows immediately.                                                                            □ 
Corollary. Let  

,1|||| 2<A  (24) 

where 2|||| A  denotes the spectral norm of A given by  

),(max|||| T

,,12 AAA imi
λ=

= …
 

and where )(⋅λ i  represents the ith eigen-value of AAT . Then, with the require-
ment (17), the boundedness properties given in statements b) and c) of Theo-
rem 1 are guaranteed. 

Proof. According to [23, Exercise 3.7.6], it can be established that 
.1|||| 2=− +BBIm  This yields 

.||||||||||||||)(|| 2222 AABBIABBIq mm ≤−≤−= ++  (25) 

Due to (24), the last inequality of (25) leads to the condition (17) of Theo-
rem 1 proving the result.                                                                                       □ 

Remark 1. Note that, the condition  

,rank rB =  (26) 
implying that B has the full rank, is not necessary. 

Remark 2. If Brank  satisfies (26), then instead of (13), the simple formula 
T1T )( BBBB −+ =  taken, e.g., from [23, Exercise 3.5.3] may be used to calculate 

.+B  
Remark 3. The condition (24) means that the open-loop control system (1) 

is asymptotically stable since  

|)(|max
,,1

Aimi
λ

= … 2|||| A≤  

holds producing  
.1|)(|max

,,1
<λ

=
Aimi …

 

In this case, A is said to be the Schur stable matrix.                                             □ 
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AN OBSERVATION 

It turns out that the asymptotic stability of (1) is not necessary to ensure .1<q   
To illustrate this fact that is not obvious, the following numerical example 

will be considered.  
Example 1. Let 

.
1.26.0
9.06.0
1.02.1

,
50.020.020.0
30.000.120.0
35.035.035.0
















−=

















−−−
−−−
−−−

= BA  

In this case, ,2rank =B  and 124.1|)(|max ,,1 >≈λ= Aimi K  whereas 

1|||| A ,55.1||max: )(
1],1[ ∑ == =∈

ijm
irj a  where 1|||| P  denotes the column norm of P. 

This implies that equation (1) describes the unstable system. Nevertheless, the 
calculation of q by (18) gives .19.0||)(|| 1 <≈−= + ABBIq m  Hence, the re-
quirement (17) may be satisfied while the plant is actually unstable.  

ROBUSTNESS ANALYSIS 

In the case of parameter uncertainty given by (4) and (5), we propose replacing 
the control law (14) by 

nnn yAByBu 00
0

10
+

+
+ −=  (27) 

with some fixed matrices mm
ijaA ×= )( )(

00  and rm
ijbB ×= )( )(

00 . Their elements are 
chosen as ],[ )(

max
)(

min
)(

0
ijijij aaa ∈  and ],,[ )(

max
)(

min
)(

0
ijijij bbb ∈  respectively, to obtain 

.rank 0 rB =   
The following robustness result is given in the theorem below.  
Theorem 2. Let Assumptions A1 to A3 be valid. Then the controller de-

fined in (27) will be robust (in the sense that the boundedness of }|||{| ny  and 
}|||{| nu  is guaranteed for any matrices A and B having the elements which sat-

isfy (4) and (5), respectively), if (17) is satisfied with  

.||ˆˆ||max 00

ˆ
ˆ

ABBAq

B

A
B
A

+

Ξ∈
Ξ∈

−=  
(28) 

In this expression, AΞ  and BΞ  are the bounded sets of all matrices 

)ˆ(ˆ )(ijaA =  and )ˆ(ˆ )(ijbB =  having the elements )(ˆ ija  ],[ )(
max

)(
min

ijij aa∈  and 

],,[ˆ )(
max

)(
min

)( ijijij bbb ∈  and |||| ⋅  is any matrix norm (as in (18)). 
Proof. Follows immediately from Theorem 1.                                                     □  
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The result given in Theorem 2 may be reformulated in terms of the linear 
programming problems similar to that in [11] as follows. 

Define the variables 

,,,1,,ˆˆˆ
1

)()(
0

)()( mjibhad
r

k

ikkjijij K=−= ∑
=

 (29) 

where )(
0
ijh  denotes the corresponding element of the fixed matrix .000 ABH +=  

Further, )(ˆ ijd  is the element of ,ˆˆˆ
0HBAD −=  and find 

)(ˆmax ijd    )(ˆminand ijd  (30) 

subject to the constraints  

,ˆ )(
max

)()(
min

ijijij aaa ≤≤       )(
max

)()(
min

ˆ ijijij bbb ≤≤   (31) 

for each ,1 mi ≤≤  .1 mj ≤≤  
Since (29) describes the functions depending linearly on the variables )(ˆ ija  and 

)()1( ˆ,,ˆ iri bb K  that are the elements of the ith row of ,B̂  and (31) represent the simple 
linear constraints, the problems given by (30), (31) are the simplest linear program-
ming problems. They are solved independently for each pair ),( ji  taking into ac-
count that each element of the jth column of D̂  depends only on the elements of 
each ith row of Â  and B̂  but not on the elements of other their rows with numbers 

.,,,1 ikmk ≠= K  Then the following results can be shown to be valid.  
Theorem 3. Subject to Assumptions A1 to A3, if 

∑
=

<
m

i

ijij dd
1

)()( 1|}ˆmax|,|ˆminmax{|    mj ,,1 K=∀  

with )(ˆmin ijd  and )(ˆmax ijd  giving the solutions to the linear programming prob-
lem (30), (31), then the controller (27) applied to the system (1) guarantees that 
the boundedness properties (10) will be achieved in the presence of interval 
uncertainties defined by (4), (5). 

Proof. Follows the lines of the proof of Corollary to Theorem 2 given in [11]. 
Due to space limitation, the details are omitted.                                          □  

Thus, Theorem 3 specifies the sufficient conditions under which the pseu-
doinverse model-based controller (27) employed to regulating the uncertain 
system (1), (4), (5) will be robustly stable. It gives an effective solution to Prob-
lem 3 using a simple computation technique. 

Example 2. Let the system to be controlled be described by 

.
1.26.0
9.06.0
1.02.1

   and,
16.015.015.0
10.025.010.0
15.015.020.0
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Assuming that the parameter uncertainty is given as ],0,28.0[)11( −∈a  
],1.0,2.0[)12( −−∈a ],0,12.0[)13( −∈a  ],0,12.0[)21( −∈a  ],0,28.0[)22( −∈a  

],0,2.0[)23( −−∈a  ],0,2.0[)31( −∈a  ],1.0,2.0[)32( −−∈a  ],0,2.0[)33( −−∈a  
],2.1,6.0[)11( ∈b  ],2.0,0[)12( ∈b ],0,7.0[)21( −∈b  ],1.1,8.0[)22( ∈b  
],2.1,5.0[)31( ∈b  ],2.2,9.1[)32( ∈b  

the matrices 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−−
−−−
−−−

=
0.20.1
0.15.0
2.08.0

    and
19.015.010.0
17.010.015.0
10.010.025.0

00 BA  

yielding (by the formula T1T )( BBBB −+ =  given in Remark 2) 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=+

21227295
172418370

677
1

0B  

may be chosen to satisfy AA Ξ∈0  and .0 BB Ξ∈  Utilizing now Theorem 3 one can 
conclude that the value of q determined by (28) via solving the linear-programming 
problem is equal to 0.87. This shows that the requirement (17) is satisfied. 

SIMULATION 

To support the theoretic study, three simulation experiments were con-
ducted. In first simulation experiment, the unstable open-loop control 
system with A and B given in Example 1 was studied. Its behavior is illus-
trated in Fig. 1, where ,1.0)1( ≡nu  and 1.0)2( ≡nu  were chosen. 

The second simulation of the optimal closed-loop control system contain-
ing the plant (1) and the controller (14) in the presence of the i.i.d. pseudoran-
dom ]1,1[)( −∈i

nv  was conducted. The simulation results for different s0y  with 
the components determined as ,7)1(0 =y  ,3)2(0 =y 15)3(0 =y  at ;401 ≤≤ n  

,2)1(0 =y  ,7)2(0 =y  3)3(0 =y  at ;6041 ≤≤ n  ,3)1(0 =y  ,7)2(0 =y  9)3(0 =y  at 
10061 ≤≤ n  are presented in Fig. 2. 

 
Fig. 1. 2-norm of output vector of the open-loop control system releted to Example 1 
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Fig. 2. Control inputs and outputs (solid lines), and set-points (dashed lines) of the 
closed-loop control system in the conditions of Example 1 
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In the third simulation experiment, the robust closed-loop control sys-
tem with the uncertainties and with the feedback described in Example 2 
subject to the same disturbances and ,3)1(0 =y  ,7)2(0 =y  9)3(0 =y  was 
simulated. Fig. 3 depicts its results. They show that the closed-loop con-
trol system (1), (14) is stable and its performance is satisfactory enough. 

 

 

 
 

Fig. 3. Control inputs and outputs (solid lines), and set-points (dashed 
lines) of the closed-loop control system in the conditions of Example 2 



Control of a Nonsquare Multivariable System Using Pseudoinverse Model-Based Static Output  
 

 

ISSN 2663-2586 (Online), ISSN 2663-2578 (Print).  Cyb. and comp. eng. 2020.  № 3 (201) 45

A DISCUSSION 

To compare the pseudoinverse model-based approach proposed above with ex-
isting ones related to the SOF concept, rewrite first the control law (14) as  

,FB
0

1FF nnn yLyLu −= +  (32) 

selecting the feedforward and feedback terms with gain matrices += BLFF  and 
.FB ABL +=  

Now, consider the open-loop discrete-time system described by the standard 
state-space model 

⎩
⎨
⎧

=

Γ++= ++

,
,11

nn

nnnn

xCy
vBuAxx

 (33) 

where m
n

m
n

r
n vyu RRR ∈∈∈ ,,  (as before), and p

nx R∈  is the state vector. 
pmmprppp CBA ×××× ∈∈Γ∈∈ RRRR  and,,  are constant matrices. It is not hard 

to see that this system reduces to (1) by setting ).(, mpIIС mm ==Γ=   

.0)(det 1 ≠− BGCA  (34) 

Furthermore, it follows from Theorem 5 of [16] that if (34) together with some 
other assumptions hold, and A is nonsingular then the SOF control 

nn yLu FB−=  (35) 
with  

GBGCAL 11
FB )( −−=  (36) 

stabilizes the system (33) at T

m

ny ]0,,0[0

	�…=  and minimizes the quadratic criterion 

n
n

n yGAGAyJ 1TT1

0

T )( −−
∞

=
∑= , (37) 

but not the criterion (8). On the other hand, it can easily be shown that if 0det ≠A  
and (26) holds )( mIС =  then G may be chosen as ABG +β=  with an arbitrary 0>β  
to satisfy the requirement (34). According to (36) such a choice of G  yielding directly 

ABL +=FB  gives that in this case, the SOF control (35) becomes finally the pseudo-
inverse stabilization control having the form (32) in which .0|||| 0 ≡ny  

It is interesting to note that, contrary to [16], the pseoduinverse control (32) 
may be used to minimize the criterion (8) when A is singular and B has nonfull 
rank (Example 1). Nevertheless, the condition 1||)(|| <− + ABBI m  guaranteeing 
the ultimate boundedness of }|||{| ny  and }|||{| nu  is assumed to be satisfied (in 
accordance with Theorem 1 given in [16]). Of course, this condition may not be 
satisfied if A is not the Schur stable.  
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In order to cope with the instability of (1), at least, the two ways may be 
proposed. First, if ,rank rB =  then some r outputs )()( ,,1 ri

n
i

n yy …  might be in-
cluded in the feedback loop to control the system (1) via an inverse model-based 
controller similar to (11) with the square submatrix ],,1|,,[ 1 riiB r ……  (instead 
of B). It can be clarified that remaining outputs will become bounded if and only 
if all the rm −  diagonal elements of A  defined as )( kk iia  with rk iii ,,1 …≠  satisfy 

.1|| )( <kk iia  Again, this way does not minimize the criterion (8). Second, we may 
attempt to design the SOF controller based on the ideas of [16, 19] et al. How-
ever, such way leads to minimization of the criterion similar to (37) but not to 
(8) whereas one seems to be more suitable for practical applications dealing with 
the problems of the nonzero set-point regulation.  

Since most the process control systems remaining stable in their nature and 
can be described by model similar to (1) [8], we conclude that the approach pro-
posed here has advantage in comparison with existing ones if the multivariable 
systems to be controlled are nonsquare and stable. 

CONCLUSIONS 

The paper shed some light on the existence of the pseudoinverse static output 
feedback controllers which can either be optimal (in the absence of any uncer-
tainty) or be robust stable against parameter uncertainties dealing with the linear 
multivariable first-order discrete-time system in a hard case when its gain matrix 
is nonsquare (in contrast to the known results). 
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КЕРУВАННЯ БАГАТОВИМІРНИМИ СИСТЕМАМИ З ПРЯМОКУТНИМИ 
МАТРИЦЯМИ КОЕФІЦІЄНТІВ ПІДСИЛЕННЯ НА ОСНОВІ 
ПСЕВДООБЕРНЕНОГО СТАТИЧНОГО ЗВОРОТНОГО ЗВ’ЯЗКУ 

Вступ. Стаття стосується регулювання на ненульовому заданому рівні лінійної дискретної 
багатовимірної системи першого порядку. Розглядається випадок, коли кількість вихідних 
змінних перевищує кількість каналів передачі керувальних дій. Припускається, що наяв-
ними є довільні, але обмежені невимірювані збурення. Вважається, що елементи матриць, 
які фігурують у рівнянні системи, невідомі, однак апріорі відомими є їхні межі. З практич-
ної точки зору важливо розробити простий регулятор, подібний до регулятора типу SOF 
(static output feedback). Труднощі, пов'язані з цим завданням, полягають у встановленні 
умов існування регулятора типу SOF, здатного справитися з такою системою. Поставлено 
та розв’язано три різні завдання, а саме: забезпечення оптимальності, граничної обмежено-
сті та робастності замкненої системи керування. 

Мета роботи — дати відповідь на запитання: чи існує регулятор типу SOF, в основу 
якого покладено концепцію псевдообернення, аби стабілізувати деяку багатовимірну сис-
тему першого порядку з прямокутною матрицею коефіцієнтів підсилення?  

Методи. Використовуються методи, основані на теорії матриць.  
Результати. Аби придушити невимірювальні збурення, запропоновано керування, яке 

базується на методі псевдооберненої моделі. Цей метод формально приводить до реалізації 
статичного зворотного зв'язку. Встановлено умови оптимальності та робастності такого 
регулятора. Для підтвердження теоретичного дослідження наведено числові приклади та 
результати моделювання.  

Висновок. Стаття проливає деяке світло на існування псевдообернених регуляторів, 
що реалізують статичний зворотний зв'язок, які можуть бути або оптимальними (за відсут-
ності будь-якої невизначеності), або робастно стійкими до невизначеності відносно пара-
метрів лінійної багатовимірної дискретної системи першого порядку у випадку, коли її 
матриця коефіцієнтів підсилення є прямокутною (на відміну від відомих результатів). 

Ключові слова: дискретний час, методи керування зі зворотним зв'язком, псевдообернен-
ня, багатовимірні системи керування, робастність. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




